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Abstract

The usual settings for discussing the notion of stochasticity are very different
from Kolmogorov’s original setting as recorded by Shen in November 1981. This
paper simplifies Kolmogorov’s setting and shows that the universal machine
generates nonstochastic objects with surprisingly high probability.

A version of this paper (which is updated less often and is more stable and
polished) is published as an arXiv technical report: http://arxiv.org/abs/2608.

27098.
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1 Introduction

The notion of stochastic objects was first introduced (in the currently recorded
history) in Kolmogorov’s talk at a seminar at Moscow State University on 26
November 1981. In the same talk he also posed the problem of estimating the
abundance of stochastic and nonstochastic objects. (Alexander Shen’s notes
from that seminar have been published as [9, note 5.12|.) Various solutions
to this problem have been given by Shen in 1983 [10], Vladimir V’yugin in
1985 [14], Andrei Muchnik in 1998 [8, Theorems 10.10 and 10.11], and Nikolai
Vereshchagin and Shen [12, Proposition 22]. See [11, Sect. 14.2] and [12, Sect. 2]
for excellent reviews.

A surprising feature of the existing literature on stochastic objects is that
it always assumes some externally given nested structure on the objects whose
stochasticity we are interested in.! In many cases the objects are the binary
strings, with their lengths playing an important role. In other cases (e.g., in
[10]), the objects are the nonnegative integers with the nested structure consist-
ing of the sets {0,...,2" — 1}, n =0,1,.... Kolmogorov’s original problem [9,
note 5.12| is completely different: no externally given nested structure is used
in measuring sets of nonstochastic objects. Kolmogorov’s setting will be dis-
cussed in Sect. 2. This paper simplifies it further. While Kolmogorov’s setting
still involves a nested structure, albeit intrinsic, the main result of this paper
(Theorem 4) dispenses with it altogether.

The standard problem of measuring the set of all («, 8)-nonstochastic objects
(where o and 3 are parameters, to be defined in Sects. 2 and 3) has an important
special case: do such objects even exist in a given level of the nested structure?
(Such as the question of existence of («a, 3)-nonstochastic strings of length n.)
Important results in this direction are due to Shen [10, Theorem 2] and Gécs et
al. [6, Theorem IV.2]. Such problems do not arise in the setting of this paper.

Different authors and publications use different ways of measuring sets of
nonstochastic objects. Shen [10, Theorem 3] bounds the uniform probability
measure of nonstochastic objects. Using the uniform probability measure for
measuring the amount of nonstochastic objects appears somewhat unnatural,
and [10, Theorem 4| covers non-uniform probability measures; Shen’s Theo-
rem 4, however, only gives a one-sided bound. V’yugin [14, Corollary and The-
orem 3] bounds the universal semimeasure of nonstochastic objects. The existing
results that are closest to the main result of this paper are Theorem 10.11 in
[8] and Theorem 251 in [11, Sect. 14.2]; both these results involve a different
version of the universal semimeasure. In the last three of these results, those in
[14, 8, 11], the bounds on the measure of the («, 3)-nonstochastic objects are
governed by the term 27, Kolmogorov’s setting described in Sect. 2 is very
different, but we still have a similar prominent role for 27¢. The nature of the
main result of this paper is even more different, and 27 disappears.

One interpretation of the existing results on the universal semimeasure of

In this paper I will follow Shen [10] and Gécs et al. [6] and make a terminological distinction
between stochastic objects, which are defined using finite sets as models, and quasi-stochastic
objects, which are defined using probability measures.



nonstochastic objects is that “the probability of obtaining a non-stochastic ob-
ject in a random process is negligible” [12, Sect. 4.6]. According to this paper’s
results, whether this is true in the structure-free setting depends on the de-
tails of the definition of stochasticity (and happens to be true for Vereshchagin
and Shen’s official definition [12, Definition 1]). If the definition uses finite sets
as models, the situation in the structure-free setting is the opposite, and non-
stochastic objects are generated extremely often by the universal semimeasure
(Theorem 4 below). But if the definition uses probability measures as models,
their counterparts become rare (Corollary 9). In the terminology of [10, 6] and
this paper, nonstochastic objects are frequent while non-quasi-stochastic objects
are rare.

The notions of stochasticity and quasi-stochasticity are regarded as close in
the standard structured settings (see, e.g., [10, Theorem 1] and [12, Proposi-
tion 2]). Therefore, nowadays the same term, “stochasticity”, is often used for
both stochasticity and quasi-stochasticity. In the structure-free setting a chasm
opens up between stochasticity and quasi-stochasticity.

Kolmogorov’s original questions asked in 1981 concern the number of non-
stochastic objects of complexity not exceeding a given level k. His specific
questions are answered in Sect. 2. The main result of this paper (Theorem 4)
is stated in Sect. 3; it does not involve a threshold k£ and evaluates the likeli-
hood of the universal machine producing nonstochastic objects. The result is
very simple and implies that nonstochastic objects are produced very often. In
view of Kolmogorov’s questions, it is also natural to ask for the likelihood of
producing nonstochastic objects above and below a given complexity level k.
The “above” part is answered in the first part of Sect. 4; the answer is almost
as simple as the main result and says that complex nonstochastic objects are
produced very often. The “below” part is discussed in the second part of Sect. 4;
the result here is more complicated and less satisfactory. All nontrivial proofs
are collected in Appendix A.

In the case of quasi-stochastic objects some interesting structure-free results
exist, and they are in stark contrast with the results of this paper for stochastic
objects. The ones that I am aware of originate from [4, Proposition 1]; for proofs,
see |7, Proposition 1| and [3, Lemma 10]. One of these results will be discussed
in Sect. 5 and used to derive a corollary demonstrating the paucity of non-
quasi-stochastic objects. The reason for the contrast between the abundance of
nonstochastic objects and the paucity of non-quasi-stochastic objects is that the
complexity of stochastic objects is simple (i.e., of low complexity), while this is
not true for quasi-stochastic objects (and the key Lemma 14, due to Gécs et al.
[6], fails for quasi-stochastic objects).

Let N := {1,2,...} be the natural numbers, N,, := {m,m + 1,...} for
each integer m (we will be mostly interested in m = 0), [m] := {1,...,m}
for each m € N, log be binary logarithm, C' be plain Kolmogorov complex-
ity [11, Sect. 1.1], K be prefix complexity [11, Sect. 4.3], and m be a fixed
universal semimeasure on N [11, Sect. 4.2]. For a subset A C N, we set
m(A) := > . ,m(a) (therefore, m({a}) = m(a) for all @ € N). This makes
m a measure, so let us also refer to it as the universal measure. The words



“increasing” and “decreasing” are used in the wide sense allowing intervals of
constancy.

In this paper we take X to be our basic space of finite objects whose («, §)-
stochasticity we are interested in. In all formal statements X can be replaced by
N (but in informal discussion using N in place of X' can cause confusion, since
natural numbers play many other roles in this paper). The basic space X' can
be any set in computable bijection with N, such as the binary strings {0, 1}*.
We will often refer to elements of the basic space X as objects and will usually
denote them by w. The complexities C'(w) and K(w) and the universal measure
m(A) for A C X are defined, naturally, as the corresponding functions (C, K,
or m) applied to the images of w or A under the computable bijection. It is
also convenient to define, especially in the appendix, [m] C X, where m € N,
to be the image of [m] C N under the computable bijection; similarly, min A for
A C X is the image of min A’, where A’ C N is the image of A. For concreteness,
the reader can interpret X as N or {0,1}* throughout the paper (and in the
appendix the interpretation of X’ as N is particularly convenient).

For a brief summary of the main results about finitary randomness, including
connections with universal p-values and e-values, see [13, Appendix 1].

2 Kolmogorov’s questions

This section is a historical interlude discussing the motivation for this paper. In
the next paragraph I reproduce Kolmogorov’s questions posed in his talk on 26
November 1981 and briefly recorded by Shen [9, note 5.12].

A finite object w is («, 8)-stochastic if there exists a finite set 2 such that

o weE

e K(Q) <

o K(w)>log|Q| - B.
Let N(k,«, 8) be the number of («, 8)-stochastic objects of complexity at most
k. Typical cases are o, = ek and a, = vk. What can we say about the
asymptotics of N(k,a, 3)/2F as k — co? Is it true that N(k,«, 8)/2% — 0, if k
increases and a/k, 8/k — 07

It is very likely that by K Kolmogorov meant plain Kolmogorov complexity,
nowadays usually denoted by C. It is also likely that there is a typo in the

definition of N(k, a, 8) and in fact it means the number of (¢, 8)-nonstochastic
objects of complexity at most k. Therefore, in this section we set

N(kvavﬂ) = ‘Dk \Sa75|7
where

Dy :={we X |Cw) <k}, (1)
Sap = {w EX|INCX:weQ,C() <a,C(w) >log|] —ﬂ};



in this section we refer to elements of S,, g as (a, §)-stochastic (unlike in the rest
of the paper, where stochasticity will be defined in terms of prefix complexity).

Remark 1. Reading “stochastic” literally, i.e., replacing N (k, o, §) by
|Dk msa,ﬁ| = |Dk‘ - N(kaaaﬁ)7

makes both of Kolmogorov’s questions degenerate. Let ¢ be a constant such
that C'(w) < n+ ¢ for all n and all w € [2"]. For n := k — ¢, the set ) := [2"]
is a subset of Dy with C(92) <logk + O(1), and more than half of its elements
satisfy C(w) > n — 1 = log|Q| — 1. Hence |Dy NS, 5| > 287¢71 as soon as
B > 1and a > logk + O(1), and the answer to the last question would be
negative already in the typical case & = 8 = vk. Moreover, by (2) below, in
both typical cases | Dy, N S, 5| /2" differs by o(1) from | Dy | /2% € [27¢,2), which
involves neither o nor ; so the first question would not be about stochasticity
at all. With “nonstochastic”, both questions become substantive: see Theorem 2
and Corollary 3.

Two other facts point the same way. Shen’s 1983 paper, presented to Doklady
by Kolmogorov himself, bounds the number of nonstochastic objects [10, The-
orem 3], and V’yugin, another participant in the seminar, recalls Kolmogorov
asking in the talk whether nonstochastic strings exist and, if so, how many
of them there are among the strings of a given length [15, Sect. 2]. (Another
discrepancy between Shen’s record and V’yugin’s recollection is that V’yugin
mentions lengths of strings while Shen’s record is structure-free, but contempo-
raneous records are usually more reliable.) Slips in the record are not surpris-
ing: its definition of stochasticity contains another one, K (2) in place of log |2,
flagged by the authors [9, note 5.12] and corrected above.

Kolmogorov used the condition C(w) > log|€| — 8 rather than the more
standard C'(w | Q) > log|Q] — 8 or K(w | Q) > log || — B, which we will use
in the following sections. The suggestion to measure the randomness deficiency
of w as an element of Q by log || — C(w | ) rather than log |} — C(w) is due
to Per Martin-Lof (personal communication), and it leads to an elegant theory:
see, e.g., Propositions 11 and 13 in the summary [13, Appendix 1].

The following result answers Kolmogorov’s specific questions; its core part
is given as (4) after its statement.

Theorem 2. There is a positive constant ¢ such that, for all integers k > 2 and
a >0 and all § € [0, 0],

Nk, 8) < 2t-+elos 2
and, provided o+ K(a) + ¢ < k,
N(k,a, ) > 2k-a-Kle)=c, (3)

In particular,
N(k, a, f) = 2k-atOosh) (4)



uniformly in 8 € [0, co] whenever o+ K () + ¢ < k. The form of (4) is familiar:
the fraction of nonstochastic objects is about 27¢.

The theorem will be proved in Appendix A.2, but now we will use it to answer
Kolmogorov’s questions. The following corollary uses N(k, «, 8) = N(k, ||, B)
for o that are not necessarily integer.

Corollary 3. For Kolmogorov’s two typical cases o, = ek (with ¢ € (0,1)
fized) and o, B = Vk we have, for large k,

N (k, ek, ek) — 9—ck+O(logk) N(k, \/E, \/E) — 9= Vk+O(logk)
2k B ’ 2k B ’
so in both cases the ratio tends to 0 faster than any power of k.

Proof. In both cases a + K(«) + ¢ < k for large k, so (4) applies. O

Kolmogorov’s last question appears to contain another slip. A negative
answer is provided already by a fixed (arbitrarily large) «. This can be seen
both from (3) and directly, without using the theorem. Indeed, for a fixed «
the family {Q | C(Q) < «a} is finite (of size at most 2%T1); let F,, be its union,
a finite set. Every (a,f)-stochastic object is in F,,, whatever § may be, so
N(k,a,B) > |Dy| — |Fa| > 28791 — O(1) and, therefore,

N(k,a,p)

gk =

lim inf

k—oco
for a positive constant c. Probably Kolmogorov meant the question “when do
we have N(k,a,3)/2¥ — 077 According to (2), “logk = o(a)” is a sufficient
condition. This condition, however, is far from being necessary (e.g., by (2), it
suffices to require o — clog k — o).

To conclude this section, let us discuss in greater detail what appears to be
the main difference of Kolmogorov’s approach to stochasticity from the stan-
dard one relying on a given structure on the objects. Kolmogorov’s definitions
and questions are structure-free in that they only involve the complexities of
the objects (the complexities can be, e.g., plain or prefix, conditional or uncon-
ditional) and other objects derived from the given objects (such as finite sets
composed of the given objects). Complexities can be replaced by randomness
deficiencies (which do not have to be defined via complexities); the point is that
structure-free statements should involve only functions that are invariant, to
within an additive constant, w.r.t. computable permutations of the objects. An
example of a non-invariant function is provided by the length of a binary string.
In this paper we will be interested only in structure-free statements. Examples
are Theorem 2 and Corollary 3, and we will see many other examples in the
following sections (such as Theorems 4, 7, and 8).

3 Main result

Starting from this section, we say that an object w € X is («, f)-stochastic,
where « is a nonnegative integer and 8 € [0,00], if there exists a finite set



) C X for which
o we
e K(Q) <
o K(w]9)>log|2| - 6.

Otherwise w is (a, 8)-nonstochastic. In our notation we follow Kolmogorov
(Kolmogorov’s setting is described in the previous section).

Let My 3 C X be the set of all (o, 8)-nonstochastic objects. We are interested
in the asymptotics of m(N, g) as a, 8 — oo. Let

7(t) :=m({n e N|n >t})
be the tail of m; set 7(0c0) := 0.

Theorem 4. There exists ¢ > 1 such that, for all o € Ny and B < 227,
T(a)/e <m(N,yg) < er(w). (5)

The condition 8 < 227 in the statement of the theorem can be replaced by
B < g(a) for a fixed computable function g (“fixed” in the sense of ¢ depending
on g). Moreover, this condition is only needed for the lower bound. See Sect. A.3
for an even stronger version of Theorem 4 and its proof.

The theorem says that m(N, 3) = O(7(«)) under mild conditions on /.
Informally, nonstochastic objects are generated with probability that decays
extremely slowly. The function n +— 7(n) monotonically decreases to 0 but does
so more slowly than any computable function monotonically decreasing to 0,
such as 1/loglogn (and we can take any number of logarithms). Let us state
this well-known observation formally.

Lemma 5. Let f: N — (0,00) be a computable decreasing function such that
f(n) =0 asn — oo. Then 7(n)/f(n) — oo as n — oo.

Proof. Redefine f := min(f,1). Set h(t) := /f(t) for t € Nand h(0) := 1. Since
f is decreasing and f(t) — 0, P(n) := h(n —1) — h(n), n € N, is a computable
probability measure on N with tails P({n | n > t}) = h(¢t) for all ¢ > 0. The
universality of m gives m > ¢P for some ¢ > 0, and so, as t — oo,

t)z :L—M)o. ]

@~ f@) VI

Now let us briefly discuss relations between 7 and other well-known func-
tions. Let

T

—~

ch(t)

~

o(t) == m({n [ K(n) > t}); (6)

we will need this function in the following section. In Lemma 12 in Sect. A.1
we will see that ¢ = ©(7). (This is a well-known relation, but I have not seen
it stated explicitly in print.)



Another interesting connection is with the version of the busy beaver function
as defined by Chaitin [2, Definition 5.3] (see also [11, Sect. 1.2.2]). However,
we only prove a trivial one-sided relation (an optimal two-sided relation, due to
Andreev, is stated after the proof). Let us set

w(t) :=min{K(n) | n > t},
so that pu is, essentially, the inverse to the busy beaver function.

Lemma 6. For some constant ¢ > 0,
T>c27H
Proof. The inequality follows from
() =m({n | n>t}) >m(n*) > 27 K0 = 271t
where n* > ¢ is any number that achieves K(n*) = u(t). O

Lemma 6 is the trivial part of Andreev’s [1, Theorem 1| two-sided estimate
p—O(log p) < —logT < pn+ O(1).

(Andreev’s result uses inverse functions to p and —log 7, and in [1, Theorem 2]
he shows its optimality crediting Gécs [5] with part of his Theorem 2).

4 Nonstochastic objects of high and low complex-
ity

Theorem 4 measures the whole of N, 3. In view of Kolmogorov’s questions

discussed in Sect. 2, it is natural to ask how that mass is spread over the

complexities of the objects carrying it. The first theorem of this section answers

the question for the mass of a range (k,0): requiring K(w) > k in addition

to nonstochasticity simply replaces o by max(«, k), with no condition on k&

whatsoever. Theorem 7 below therefore contains Theorem 4, which is its special
case for k := 0.

Theorem 7. There exists ¢ > 1 such that, for all o, all B < 2%, and all
k € Ny,

T(max(a, k))/c < m(Ny g N{w | K(w) > k}) < er(max(a, k)). (7)

Only the lower bound in (7) uses a condition on £.

We can see from (7) that o and &k do not interact, and the larger of the two
wins outright. Suppose k& > « (the case k < « is almost vacuous, since every
nonstochastic object satisfies K(w) > a — O(1)). Comparing (7) with o(k) =
O(7(k)) (see (12)) shows that a significant part of the mass that m assigns to the
objects of complexity exceeding k is assigned to nonstochastic ones. Theorem 4



says that nonstochastic objects are generated with a probability that decays
extremely slowly; Theorem 7 adds that, above the threshold «, nonstochastic
objects are not merely plentiful: above any level k£ > « they carry a constant
fraction of the universal measure.

Theorem 7 describes the mass of the nonstochastic objects above a complex-
ity level k. The following theorem describes the mass below it. Perhaps this
result is less interesting, and its statement is more complicated, but it answers
a natural question. Set

Lopr:=NapsgnN{w]| K(w) <k}
The picture here is, in important respects, the opposite of Theorem 7.

Theorem 8. There exists ¢ > 0 such that, for all integers a > 0 and k > 1 and
all 5 € [0, 00],

Lopr=0 if E<a-c (8)
m(ﬁa,,&k‘) < 27a+K(o¢)+log k+c Zf B > K(Oé) + ¢ (9)
m(Lopp) >2 K@= 4if k>a+K(a)+e (10)

In particular, whenever 8 > K(«a) +c and k > a+ K(«) + ¢,

2—a—K(o¢)—c < m([ﬂ P k) < 2—a+K(a)+log k+c

and, therefore,
m(ﬁa,ﬂ,k) — 27a+0(log k)

Since 7(a) > 27K+ for some constant ¢ > 0, m(N,, 5) = O(7(a)) is only
polynomially small in «, whereas, by (9) (assuming 8 > K («)+c), the part of the
mass m(N,, g) below complexity level & is exponentially small as long as log k =
o(a); the dominant term 2~ is familiar from Sect. 2. Therefore, almost all of
the mass of the nonstochastic objects lies above every such level; this agrees with
Theorem 7, according to which the mass above k is ©(7(max(a, k))) = O(7(a))
whenever k < g(«) for a computable g.

See Sects. A.4—-A.5 for the proofs of Theorems 7 and 8.

5 Probability measures as models

A popular alternative to Kolmogorov’s definition of stochastic objects uses prob-
ability measures in place of finite sets as models (see, e.g., [10] or [6, Sect. V]).
For binary strings of length n, the two classes of models lead to the same no-
tion of stochasticity to within O(logn) ([10, Theorem 1], [6, Proposition 1.2]).
In our structure-free setting there is no n, and changing the class of models
has a dramatic effect on the universal measure of the nonstochastic objects. In
this section we only consider the simplest probability measures: a probability
measure () on X is elementary if it has a finite support and takes only ratio-
nal values, as in [10]. (Our discussion is also applicable to general computable



probability measures @) as models, as in [6, Sect. V].) Elementary probability
measures are finite objects, and so K(Q) and K (w | Q) are defined.

An object w € X is («, 3)-quasi-stochastic if there exists an elementary
probability measure () such that

e K(Q) <

e Q{w}) > 0 and K(w ] Q) > ~log Q(w) - .

Let Ngﬁ C X be the set of all objects that are not («, 3)-quasi-stochastic (or
(a, B)-non-quasi-stochastic). Regarding a finite set ) as the uniform probability
measure on {2, we can see that §+C7/3+C C N, for some constant c. The
following immediate corollary of a result by Epstein and Levin shows that, in

terms of the universal measure, Ns, 5 is much smaller than N, g.
Corollary 9. There exists ¢ > 0 such that, for all o € Ny and § > 2%,

m(Ns,ﬁ) < 2—a+clog(oc+2).

By Theorem 4, m(N, g) = O(7(«)) is only polynomially small in o when-
ever 3 < 22°. Therefore, for 2¢ < 8 < 22° the contrast between the two classes
of models is stark: with probability measures as models, non-quasi-stochastic
objects are generated by the universal machine with an exponentially small prob-
ability, and the term 27¢, familiar from Sect. 2 and from the results discussed
in the introduction, reappears.

Corollary 9 is deduced from the following result by Epstein and Levin [4]
(see [3, Lemma 10] for a published proof). Set

Aw) := mén(K(Q) + 3logmax(—log Q(w) — K(w | @), 1)),

where @) ranges over the elementary probability measures, and let
Hw:H):=Kw)— Kw|H)

be the amount of information that w carries about the halting problem # (re-
garded as an infinite binary sequence; the nature of H is completely irrelevant
for us). Epstein and Levin’s result is that, for all w € X,

Aw) <I(w:H)+6K(I(w:H))+O(1). (11)

Proof of Corollary 9. Let w € N 5. We have A(w) > a, since otherwise there
would be an elementary probability measure @) such that

K@ <a and —logQw)-K(w|Q)<2%? <p,
contradicting w € N 5. We also have K(I(w : H)) = O(log(a + 2)) unless

3

I(w:H) > a, and so (11) gives I(w : H) > a — clog(a + 2) for some constant
¢ > 0. On the other hand, by the Kraft inequality,

> m(w)2'@ M =6 (Z 2K<w|”f‘>> =0(1)

weX weX



(cf. [6, Sect. IIL.E.3]). By Markov’s inequality,

m(V ) < m({w | I(w: H) > a - clog(a +2)}) = O (2—a+610g<a+2>) . O

6 Conclusion

Let me summarize this paper’s structure-free picture. The universal measure
of (a, f)-nonstochastic objects hardly depends on § (unless § is huge, in a
busy-beaver sense, as compared with «) and tends to 0 extremely slowly as
a — 0o, more slowly than any decreasing computable function that tends to
0. Above any complexity level £ > « a significant part of m is allocated to
(a, B)-nonstochastic objects:

m(N, s N{w| K(w)>k}) =0(m{w | K(w) > k}))

(provided 8 is computably bounded in «). The situation below a complexity
level k is more complex.

The most glaring open question for nonstochastic objects is whether the
addend log k in (9) is really necessary (preliminary results suggest that it is). A
more detailed study of non-quasi-stochastic objects is also left for future work.
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A Proofs

In this appendix we will prove all the theorems stated in this paper. In the
proofs, ¢, ¢, ... will stand for various positive constants.
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The techniques used in the proofs of Theorems 2, 4, 7, and 8 are either well
known or trivial. For Theorems 2 and 8,

e the upper bounds rely on the standard technique of “bounded complexity
lists”; see, e.g., [6, Sect. IIL.E] and [12, Sect. 4];

e the lower bounds involve the technique of the “first uncovered object”, i.e.,
the smallest (a, 0o)-nonstochastic object; this is essentially Shen’s trick in
[10, Theorem 2(b)].

For Theorems 4 and 7,
e the upper bounds are trivial;

e the lower bounds rely on the observation that the complexity of stochastic
objects is simple (while the universal measure may well generate objects
of complex complexity); see [6, Lemmas III.8 and III1.10].

In principle, as Theorem 4 is a special case of Theorem 7, we only need to prove
the latter. However, Theorem 4 appears to be more important (and I regard it
as the main result of this paper), so its shorter proof will be given separately
(and then used in the proof of Theorem 7).

A.1 The tail of the universal measure

This preliminary section explores the function 7, which plays such a prominent
role in Theorems 4 and 7. Some of the proofs employ the great stability of 7; it
hardly changes over huge regions of its domain. We start with the trivial obser-
vation that the composition of a computable Markov kernel with the universal
measure is dominated by the universal measure.

Lemma 10. Let (ky)nen be probability measures on N such that the mapping
(n,i) € N2 = k,({i}) is computable. There is c, > 0 such that, for all A C N,

m(A) > ¢, Z m(n)k, (A).

neN

Proof. The function i — > m(n)k,({i}) is a lower semicomputable semimea-
sure, and the universality of m gives m(i) > ¢, >, m(n)k,(i) for all i. It
remains to sum over i € A. O

It is clear that Lemma 10 is also applicable to families (ky)nen of probability
measures on X
Our first application of Lemma 10 is to demonstrate the great stability of 7.

Lemma 11. Let g : Ny — Ny be a computable increasing function. There is
cg > 0 such that T(g(t)) > ¢g7(t) for all t € Ny.

12



Proof. Applying Lemma 10 to #,, set to d4(,)+1, the point mass at g(n) + 1, we
have

(g(t) =m({i | i > g(1)}) = ex Y m(n) (g2

neN
> ey Z m(n)ly,>n = cx Z m(n) > c,7(t). O
neN n>t

To conclude this section, let us check the relation between 7 and o mentioned
earlier (right after the definition (6)).

Lemma 12. For some constant ¢; > 1,
T/er <o < e (12)

Proof. The lower bound in (12) follows from Lemma 10 applied to A := {n |
K (n) >t} and the uniform probability measures . on [2]. At most 2! numbers
n have K(n) <t, so for k > t+ 1 we have k;(A) > 1/2; therefore,

o(t) =m({n | K(n) > t}) =m(A) >y Y mk) ez

k=t+1

The upper bound follows from

o) =m({n| K(n)>t}) <m({n|2logn > t})
=m({n|n>2"2}) <m({n|n>t}) =r(t),

where the inequalities in this chain hold for all ¢ > ¢3 (smaller ¢ are covered by
o <1and7(t) >0). O

A.2 Proof of Theorem 2

We prove the two parts of Theorem 2, (2) and (3), separately, starting with
(2). Since S, g is increasing in (both a and) 8, N(k, o, 8) is decreasing in £.
Therefore, it suffices to prove (2) for 8 = 0 and (3) for 5 = oco.

Proof of (2). This proof introduces the technique of “bounded complexity lists”
in a simple setting. Fix a jointly computable way of enumerating all elements
of Dy (defined by (1)) given k (running the optimal plain decoder on all inputs
of length at most k in parallel and listing the outputs in the order in which they
first appear). Cutting the enumeration into consecutive blocks of length 2+~
and taking the block containing w means, intuitively, spending about a bits on
the block index and leaving k — a bits of noise inside the block.

The idea behind the technique is that the completed blocks consist, roughly,
of stochastic objects. Namely, there is a constant ¢4 such that the following holds
for each integer k > 0 (the level) and each a € {0,...,k} (the parameter). Let
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w € Dy, lie in a complete block of size 287 (i.e., a block that the enumeration
of Dy, lists in full). Then there is a finite 2 3 w with

log |Q| =k — a, C(Q) <a+ K(k) + cy. (13)

Indeed, let © be the block containing w (so that the first equality in (13) follows
from |Q| = 2¥7%). As the block is complete, §2 is computable from &, a, and
the ordinal number i < 29*! of the block. Its description may consist of a
self-delimiting description of k followed by exactly a+ 1 further bits for i (those
further bits also determining a).

Choose k € Ny and put a := a— | ¢5 log k| for a large ¢5 as compared with cg;
make ¢ (in Theorem 2) large as compared with ¢5. If a < 0 then o < |¢5log k],
and the asserted bound is at least 2k+1°8% > 9k+1 5 | D, | 50 there is nothing to
prove; assume a > 0.

Let w € Dy, and k' := C(w) < k. If ¥’ < a, apply (13) with the level &’ and
the parameter k’: the block size is 1, so Q = {w},

CO)<K+KK)+cs<a,

and log || = 0 < C'(w); therefore, w is («, 0)-stochastic. If &’ > a and the block
of w at level k' with parameter a is complete, (13) gives

CO)<a+KHEK)+ce<a

and log|Q =k —a <k = C(w), so again w is («, 0)-stochastic.

Hence every (a,0)-nonstochastic w € Dy, satisfies ¥’ = C(w) > a and lies in
the last, incomplete block at its own level &/, and there are fewer than ok —a
such w. Summing over ¥’ € {a,...,k},

k
N(k,,0) < Z ok'—a o gk—a+1 _ gh—a+leslogh|+1 < gk—a+clogh 0

k'=a

Another proof technique that we need is the “first uncovered object”. The
next lemma presents this technique both for plain complexity C' (which we need
now) and for prefix complexity K (which we will need later).

Lemma 13. For integers o > 0, let
FC =u{Q|CQ)<a}, and FE.=U{Q|K(Q)<a},
the unions being over the finite Q C X. Set
Wi =min(X\ FY) and X :=min(X\ FK).

There is a constant cg such that, for all o,

KW <a+K(a)+c¢ and KwF)<a+ K(a)+ ce.
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Proof. The proofs for w’® and w}¥ are identical; for concreteness, let us talk
about plain complexity C. Since F¢ is a finite union of finite sets, w*® is
well defined. Let M, < 2%*! be the number of finite sets 2 with C(Q) < a.
The following is a self-delimiting description of w“: a shortest self-delimiting
description of « followed by the binary representation of M, padded with leading
0s to exactly a + 1 bits. This gives K(w*®) < K(a) +a+1+c7. O

Since w:C lies in no finite set Q with C(Q) < a, it is (a, 3)-nonstochastic for
every f3, including 8 = oo: w*® ¢ S, 0.

Proof of (3). Fix a computable bijection (-,-) : X x {0,1}* — X and let

7({v,q)) := v, applied element-wise to finite subsets of X. Let cg be such
that C((2)) < C(Q) + cs for every finite Q. Let w* := w29, be the first

uncovered object of Lemma 13 for plain complexity at level o+ cg. Thus w* lies
in no finite Q with C(2) < o + ¢s, and

Kw)<a+c+K(a+cs)+cs <a+ K(a)+c.

Let A := k—a— K(a) — c19, where ¢j is a large integer (see below), and, in
accordance with the statement of the theorem, assume A > 0. For ¢ € {0, 1}
put w, = (w*, q); these 22 objects are pairwise distinct. Since a shortest self-
delimiting description of w* followed by ¢ is a plain description of wy,

Clwg) < KWw)4+A4cn<a+K(a)+A+cy+cen
=k —cio+cg+ci1 <K,

provided ci9 > cg + c11; thus wy € Dy. Suppose some finite 2 > w, satisfies
C(Q) < a. Then 7(Q) 3 w* and C(7(Q)) < a+ cs, which contradicts the choice
of w*. Hence w, ¢ S, o0 for all ¢, and N(k, a, 00) > 22, O

The “in particular” bit after the theorem follows from K («) < 2log(a+2)+
¢ < 2log(k+2)+c.

A.3 Proof of Theorem 4

We will prove Theorem 4 in the form
T(max(a, 8))/c12 < m(Ny g) < cr27(a). (14)

This implies the stronger version of Theorem 4 mentioned right after its state-
ment. Indeed, let g be a computable function; we assume, without loss of
generality, that ¢ is increasing and g(n) > n for all n in its domain. Lemma 11
gives

r(max(a, B)) = 7(9(a)) = cg(a).

It remains to combine this with (14).
Theorem 4 in the form (14) continues to hold when prefix complexity K is
replaced by plain complexity C. Let us call the statement about C' the C-version
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of Theorem 4; let us also apply the expression “C-version” in the analogous sense
to other statements in the rest of this section. The C-version of Theorem 4 will
be treated at the end of the section (with one exception, where the K-version
is messy while the C-version is almost trivial).

Let us start with the easy upper bound in (14). For some constant c;3,

CH{w}) < C(w)+c13 and K({w}) < K(w) + c13. (15)

Every w € N, g satisfies K(w) > a — ¢13 (otherwise © := {w} would have
witnessed its («, 0)-stochasticity). Therefore, every w € N, ¢ satisfies 2logw >
a — c14, which implies

w > 29272 > o 41

for all & > ¢15. This implies
m(NOé,B) S m(Na’O) S m({a + ].,O( + 27 - }) = T(OZ)

from a = ¢15 on. (This is sufficient since the remaining finitely many s can be
absorbed into ¢12.)

It remains to prove the lower bound. As mentioned earlier, the key obser-
vation (cf. [6, Lemmas II1.8 and II1.10]) is that the complexity of stochastic
objects is simple.

Lemma 14. Every (a, 5)-stochastic w € X satisfies
K(K(w)) < a+2log(a+ 8+ 2) + ci6-
Proof. The proof uses the fact that K(w) =~ log [Q]:
Kw) < Kw|Q2)+K(Q)+c17 <log|Q+ a+ cis (16)
Kw)> K(w | Q) —c19 > 1log Q] — 8 — c19,

where Q witnesses the («, 8)-stochasticity of w. Since log|)| is computable
given 2,

K(K(w)) < K(Q)+2log(a+ 8 +2)+ ¢ < a+2logla+ +2)+c. O

Lemma 14 gives us the following sandwich, which is the key to the proof:
for all « € Ny and 8 € [0, 00),

{w] K(K(w)) > tap} € Nap CH{w| K(w) > o —cs}, (17)

where to 5 = [a+ 2log(a + 8+ 2)] + c16 and ¢13 is from (15). (The second
inclusion was already used in the proof of the upper bound.)

The following two lemmas give us a handle on the first inclusion in (17).
The first of them says that an object that is random in [2"] for a complex n has
complex complexity.

Lemma 15. There is a constant co1 such that the following holds for all integers
t >0 and alln € N with K(n) > 2t+co1: everyw € [2"] with K (w) > n satisfies
K(K(w)) > t.
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Proof sketch. The full proof will be given at the end of this section, but in this
sketch we will only check the C-version of Lemma 15, which will be very easy.
To make the C-version of Lemma 15 useful, we replace the condition K(w) > n
by C(w) > n — 1 (to ensure that there are many such w).

Let w € [2"] satisfy C'(w) > n — 1. The n-bit binary representation (with
leading 0s) of w—1 describes w, and so C(w) < n+cge. The difference n —C(w)
takes one of finitely many values, and so C(C(w)) > C(n) — ca3 > 2t > ¢t (for a
suitable choice of the constants). O

Lemma 16. There is a constant caqy > 0 such that, for all integers t > 0,
m({w | K(K(w)) > t}) > caat(t).

Proof. Let B := {w | K(K(w)) > t}. Apply Lemma 10 to the uniform proba-
bility measures £, on [2"]. Suppose K(n) > 2t + ca1; at least half of the objects
w € [2"] satisfy K(w) > n (this is true for any n since at most 2"~ objects
satisfy K(w) < n— 1), and those objects belong to B by Lemma 15. Therefore,
kn(B) > 1/2 whenever K (n) > 2t + co1, and

mB)> 2 Y m(n) = (2t +en) = exr(t)
n:K(n)>2t+co1
by Lemmas 12 and 11. O

To complete the proof of the lower bound, from (17) and Lemma 16 we
derive
m(Nog) = m({w | K(K(w)) > ta,s}) > c2a7(ta,)-

It remains to apply Lemma 11.

There is one gap in the proof of the K-version of the theorem: we only
established the C-version of Lemma 15. Let us prove its K-version. Let w € [27]
satisfy K (w) > n. A self-delimiting description of n followed by the n-bit binary
representation (with leading 0s) of w — 1 describes w, and so K(w) < K(n) +
n 4 co7. Therefore, d := K(w) —n € {0,...,K(n) + car}. Since n = K(w) —d
is computable from K(w) and d, we have

K(n) < K(K(w)) + K(d) + c2s < K(K(w)) + 2log(d + 2) + ca9
< K(K(w)) + 2log(K(n) +2) + c30-

Let v := K(n), so that
K(K(w)) > v —2log(v+2) — c30-

The function v — v — 2log(v + 2) is increasing over [1,00). Therefore, for
v>2t+co1 + 1,

K(K(w)) > 2t + co1 + 1 —2log(2t + ca1 +3) — c30 > t,

where the last inequality holds for all ¢ > 0 provided ¢y is large enough.
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The C-version of Theorem 4 in the form (14) (where w is (¢, 8)-stochastic if
C() < aand C(w | Q) > log |2 — 3 for some finite 2 5 w) is proved in the same
way. The proof of the upper bound works verbatim. In the proof of Lemma 14
we replace the « in (16) by 2a, which gives the C-version of Lemma 14 identical
to the K-version except that K is replaced by C' and perhaps with a different
c16. This gives us the C-version of the sandwich (17). Lemma 15 was proved in
its C-version with C'(w) > n — 1 in place of K(w) > n. Therefore, the proof of
Lemma 16 carries over with C' in place of K except that K (w) > n is replaced by
C(w) > n—1; in its last step we use {n | C'(n) > 2t+ca1} 2 {n | K(n) > 3t+cs1}
together with Lemmas 12 and 11.

A.4 Proof of Theorem 7
Set

A:=Nypniw | K(w) > k}.
Let us check that, analogously to (14),

T(max(a, 8,k))/cs2 < m(A) < ezor(max(a, k)).
Under the condition 8 < g(a), Lemma 11 then gives
m(A) > 7(max(e, §,k))/cs2 > T(max(g(a), k))/cs2 > c337(max(av, k)

for some ¢33 > 0 (again assuming, without loss of generality, g(n) > n for all

We start with the upper bound. Since 7 is decreasing, 7(max(«a,k)) =
min(7(«), 7(k)), so it suffices to bound m(A) above by a multiple of each of 7(«)
and 7(k). From A C N, 3 and the upper bound in (5) we get m(4) < er(a);
this part of Theorem 4 needs no condition on 8, as Ny g € Nyo. And since
ACH{w | K(w) >k}, (12) gives m(A) < o(k) < c347(k).

It remains to establish the lower bound. If K(w) < k, then K(K(w)) <
k + ¢35 for a constant cgs. In combination with (17) this gives

A=NypN{w| K(w) >k}
2 {w | K(K(w)) > ta,p} N {w | K(K(w)) >k + cs5}
2{w | K(K(w)) >t}

where ¢’ := max(tq g, k+c35). By Lemma 16, m(A4) > co47(t'). Now Lemma 11
gives m(A) > 7(max(c, 8, k))/c3z for a large enough c3o.

A.5 Proof of Theorem 8

Proof of (8). This part was established at the beginning of Sect. A.3 (see (15)):
every w € N, g satisfies K(w) > o — ¢13. O
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Proof of (9). We continue using the technique of “bounded complexity lists”,
this time for prefix complexity. Set E; := {w | K(w) < j}. We will need
Chaitin’s inequality
B, < 29K (18)
(see, e.g., [11, Theorem 64]).
Set £7 := N, sN{w | K(w) = j}. We will show that, for every integer j > 0,

m(L7) < 2ot K(e)ter, (19)
summing (19) over j € {0,...,k} will then give
m(La ) < (k+ 1)27a+K(a)+037 < ko—atK (o)t

Fix j and set s := j — a + K(«) + c3s, where c3g > c¢13 is a large integer
constant (see the proof of (8) for ¢13). If s < 0, then £7 = () by the proof of (8);
therefore, we can assume s > 0. Enumerate E; given j as in the proof of (2)
(run the optimal prefix decoder on all programs of length at most j in parallel
and list the outputs in the order of their first appearance), and cut the list into
consecutive blocks of 2° elements. The number of complete blocks is at most
|E;| /2% < 2, where, by (18),

bi=j—K(j)+c3—s=a—K(a) = K(j)+ c36 — c38;

we assume that czg and, therefore, b are integers.

Suppose a complete block 2 exists (so that b > 0). It can be described
by a shortest self-delimiting description of j (which gives both j and its length
K(j)), followed by a shortest self-delimiting description of a (which gives v and
K(a)), followed by exactly b+ 1 bits giving the ordinal number of £ among the
complete blocks. Therefore,

K(Q) < K(j) + K(a) +b+c3g = a+cae — cas + c39 < a,
provided c3g > c36 + c39. If w € Q and K (w) = j, then
Kw|Q) > K(w)—K(Q) —cy > K(w) —a—cqo
= log [ — K () — ¢33 — ca0 > log [Q] — 3,
provided 8 > K(«) + ¢ with ¢ > ¢35 + c40; therefore, w is (o, 8)-stochastic.

Consequently, £7 is contained in the part of the list following the last complete
block, and this part has fewer than 2° elements; therefore,

m(L7) < 412277 = ¢y 27T Fess,

(If there are no complete blocks, the whole list has fewer than 2° elements, and
the same bound holds.)

To conclude the proof, let us check that there are no vicious circles in the
choice of the constants ¢; used in it. None of these constants are chosen de-
pending on the values of other constants (they are basic constants) except for
css (chosen depending on the basic constants only), cs7 (chosen depending on
the basic constants and c3s), and ¢ (used in the statement of (9) and depending
on all other constants in this proof). O
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Proof of (10). By Lemma 13, w* := w}f € Ny € Nap and K(w*) < o +
K(a)+cs. It k> a+ K(a) + cg, then w* € L, g and

m(L, g5) > mw") > can2 0 Kl(a)—co O

This completes the proof of the theorem. Notice that in this proof the lower
bound in (10) is witnessed by a single object, the first object not covered by the
simple models; the pairing used in the proof of (3) to fill a whole complexity
level is not needed here.

The condition on 3 in (9) can be dropped at the cost of an additional term:
for a constant ¢ and all «, 5, and k > 1,

m(L, pp) < k270K @Fe L 0o=h,

Indeed, without the condition on 3, a complete block € in the proof of (9)
may also contain elements w of complexity j with K(w | Q) < log|Q}] — 5.
There are fewer than 2°7# of them in each complete block (there are fewer
than 25=7 self-delimiting descriptions of length less than s — 3), and so fewer
than 20F+s—8 = 2i—K()=B+ess in total. Their mass is at most c452 K@ =8 and
summing over j (using >, 2-K0) < 1) adds at most 43277 to the bound.
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